The method of Distributed Volumetric Sources (DVS) is developed to solve problems of transient and pseudo steady state fluid flow. The basic building block of the method comprises calculation of the analytical response of a rectilinear reservoir with closed outer boundaries to an instantaneous volumetric source, also shaped as a rectilinear body. The solution also provides the well-testing derivative of the response to a continuous source in analytical form. This can be integrated over time to provide the pressure response to a continuous source. For production engineering applications, we cast the results into a transient/pseudo-steady productivity index form. The new method is validated through comparison to results of some of the well known well-testing solutions for simple configurations such as vertical wells with full and partial penetration, horizontal wells with unform flux and infinite conductivity, and fractured wells with uniform flux, finite or infinte conductivity. The results show a very good agreement with the existing models. The main advantage of the new solution is its applicability over the more complex fracture/well configurations, some of which is studied in the paper.
Introduction
Over the past decades, different techniques were developed to solve single-phase, slightly-compressible flow problems in porous media where the fluid removal (injection) is from a complex well-fracture system. Most of these methods use the point source integrated over a line and/or a surface 1 . The major disadvantage of this method is the inherent singularity of the solution wherever the point source is placed.
The method of Distributed Volumetric Sources (DVS) is developed to remove this limitation by assuming a source not in the form of a point but in the form of a rectilinear volume extended inside the surrounding rectilinear porous media. We will refer to this configuration as "box-in-box".
The 3-D pressure response of the system to an instantaneous source can be obtained -by applying Newman's principle -as a product of three 1-D pressure responses in each principal direction. The response of the system to a continuous source (production or injection) is obtained by numerically integrating the response of instantaneous source over time as it has been discussed, for instance, by AzarNejad et al. 2, 3 , The aim of this work is to: 1. Develop the analytical solution of the box-in-box system to an instantaneous source. 2. Validate the applicability and demonstrate the advantage of the new solution for well testing and production forecast of simple well and fracture models through the comparison of results with well-known existing solutions. Solutions to vertical wells with full and partial penetration, horizontal wells with uniform flux, finite and infinite conductivity, and vertically fractured wells with uniform flux, finite and infinite conductivity would be studied and compared with the new DVS results. 3. Show the capabilities of the DVS method to handle more complicated well/fracture configurations. Cases with multiple transverse fractures with partial penetration and finite conductivity are presented.
DVS Model
The first step of our approach is to develop the pressure response of a rectilinear reservoir with closed boundaries to an instantaneous withdrawal from the source. The porous media is assumed to be an anisotropic, homogeneous reservoir shaped as a box. The box is oriented in line with the three principal directions of the permeability field. The source is assumed to be a smaller rectilinear box with its surfaces parallel to the reservoir boundaries. It is assumed to have the same media properties as the reservoir. Fig.1 shows the schematic of the system. The instantenous unit withdrawal is distributed uniformly in the volume of the source. In short, we will refer to the solution as instantenous source response of the box-in-box and will denote the response observed at a location pars notation stands for all the information contained in the  problem specification:   )  ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  (   z  y  x  z  y  x  x  y  x  e  e  e   w  w  w  c  c  c  k  k  k (1) where ( ) f represents the solution of an 1D problem with the source distributed along a finite section of the "linear" reservoir. The structure of Eq. 1 already indicates that all anisotropy is handled in the parameters of the 1D solutions. In short, this comprises the main advantage of the DVS method: once an effective method is available to accurately calculate ( ) f , the additional programming requirement is minimal. The detailes are provided in Appendix A.
To obtain the response of the reservoir to a continuous unit source distributed uniformly in the small box, we numerically integrate the solution (Eq. 1) over time:
To obtain wellbore flowing pressure, we can calculate
at the geometric center of the well.
(Because the solution is not singular, we do not have to select a surface point arbitrarily.)
Validation of the Method
The solution method has been coded in Mathematica 5 and the results are compared to some well-known solutions from the literature. Since our "box-in-box" model has well defined width parameters as input, first one has to "translate" the physical situation to the abstract model. In our first example, for instance, we will need a simple rule to obtain the equivalent x and y directional widths of the box source from the physically meaningful wellbore radius. In later examples, the translation of the physical system to the language of the box-in-box model will become more complicated. For finite conductivity and/or multiple fracture representation we will superpose in space several source boxes, whose strengths will be related via additional constraints.
Fully Penetrating Vertical Well
For this case we have two well-known representations: the line source and the cylindrical source solutions. Both can be combined with the method of images 6 to produce the bounded reservoir response and it is well-known, that the medium-late time solution is already not sensitive to the actual source geometry. Fig.2 shows a comparison between the results of these two solutions and the DVS method solution. Except for the very early times, we can see a very good agreement between the DVS solution and the other solutions.
To represent the actual well by a box source, we have to define the w x and w y parameters, which are the widths of the hypotetical source box. Detailed numerical experimentation has revealed that the relation: provides the best results. Notice that on Fig. 2 , the DVS solution is much nearer to the cylindrical source solution than to the line source solution.
Partially Penetrated Vertical Well
We used the solution proposed by Yildiz and Bassiouni 7 for transient pressure behavior of a partially penetrated vertical well as our reference for comparison to the DVS solution. Fig.3 presents comparison of the two methods for an example case. As in the case of vertical well, we can see difference in early time only. This is because of the different assumptions about the source size, the location of the observation point, and -ultimately -the nature of the flow in the near vicinity of the well. As it is seen, the difference vanishes when the share of the production coming from the near-source region becomes less significant. The difference seen in the late time is due to the effect of boundaries. This is reflected rigorously in the DVS solution, while the shown reference curve taken from Ref. (7) is for the infinite-acting case. To apply the method of images to the Yildiz and Bassiouni solution would be far from trivial, especially if the well is not in the center of the reservoir.
Uniform Flux Horizontal Well
Ozkan 8 presented a method to obtain the performance of a horizontal well. He developed a series solution in Laplace domain for a fracture with uniform flux and augmented the solution to obtain the performance of a horizontal well. In this work we used the results given in Table 2 .6.2 of Ref. (8) to compare our DVS results with. Fig. 4 shows the graphical presentation of the two solutions for an example case of uniform flux horizontal well with various horizontal penetrations. For the DVS representation of the horizontal well Eq. 3 is used to obtain the w y and w z widths of the source box.
Since the data given in Ref (8) misses the very early time period of the solution we can not see any difference between the DVS solution and the reference solution. 
Comparison with Selected Pseudo-steady State Productivity Index Correlations
The results of the DVS method could also be used to calculate transient as well as pseudo-steady state productivity index of a well. Method of calculation of J D is discussed in Appendix A. To show the applicability and reliability of the results from DVS method we used the study of Chen and Asaad 10 who proposed a simplified and full-form correlation for prediction of the pseudo-steady state productivity index of horizontal wells. The method proposed in Ref. (10) Table 1 shows the reservoir/fuid properties used for the calculation and Table 2 present the results.
We can see that for the case of horizontal well an excellent agreement exists between the results of different method presented. This agreement stands still for uniform flux solution as well as infinite conductivity solution. For the case of fractured well the results are in very good agreement (within less than 1 %) for the example cases A1, and B1. However, for example case B2 the difference between Ref (10) and DVS results rises to around 10 %. We suspect that the discrepancy is due to the approximations involved in Chen and Assad's formulation, that seem to show their tall in cases where the horizontal penetration of the fracture becomes small.
Multiple Uniform-flux Fractures Intercepting a Horizontal Well
So far we have used the box-in-box model to solve flow problems directly. In advanced applications, we need several uniform flux source boxex with their responses superposed in space.
As a simple example, we consider two small vertical fractures (1 and 2), induced transversely from a horizontal well at locations x 1 and x 2 (see Fig. 7 ). We represent the fractures themselves by uniform flux box sources. In addition, we assume that the total inflow from the two fractures is known, and the horizontal well receives no additional inflow. The pressure drop in the horizontal segment between the two fractures depends on the inflow from fracture 2 only. In practical terms, linear or quadratic dependence on flow rate are of interest. The first corresponds to laminar flow, the second to turbulent flow in the horizontal well. In this illustration we show only the turbulent flow case. The actual wellbore pressure is observed at location x w and the additional pressure drop in the horizontal well (between points x 1 and x w ) depends on the total flow rate.
For every time point, we want to determine the following variables: the fractional inflow into fracture 1 (q 1 ), the drawdowns at the points x 1 and x 2, (p 1 and p 2 ), and the drawdown at the wellbore observation point (p w ). We have to solve the following system of equations: ( ) The first equation expresses the fact that the pressure drawdown in the center of box 1 is the effect of producing box 1 with strength q 1 and producing box 2 with strength (1-q 1 ). Pressure p 11 is calculated putting box 1 only into the reservoir and using the center of the source as observation point. Pressure p 21 is calculated putting box 2 only into the reservoir, and using the center location of box 1 as the observation point. The skin factor, s 1 , represents the effects of converging flow and near wellbore tortuosity in Fracture 1.
The meaning of the second equation should be clear from the previous discussion. The third equation expresses the fact, that q 1 fraction of the total flow is flowing through the horizontal well segment between points x 1 and x 2 , and the flow is turbulent. The meaning of the coefficient C 21 is the hypothetical pressure drop between these two points if the total flow would flow through this segment.
Similarly, the last equation is easily interpreted. The meaning of C w2 is the pressure drop through the segment between x 2 and x w . This pressure drop does not depend on the fractional distribution of the inflow between box 1 and box 2.
The results can be best summarized in the form of dimensionless productivity index: J D,trad . Therefore, our ultimate goal is to determine the time dependent productivity index J D,trad of the whole well/fracture system. The solution method is presented in Appendix B. In this system of particular interest is the relative importance of (a) pressure losses due to converging flow in the fractures and (b) pressure losses in the well itself. Details of the example system are given in Table 3 and selected results are presented in Table 4 .
As seen from the results, when the pressure drop in the fracture due to flow convergence and in the wellbore due to turbulent flow are both negligible, the dimensionless productivity index of the configuration is quite high (0.9385) and Fracture 1 contributes to the total production 41 %. When the pressure losses due to flow convergence is commensurate with the pressure drop in the reservoir, the productivity of the system decreases, but the two fractures contribute to the total productions basically the same way as previously. When the converegence skin is negligible, but the wellbore pressure losses are commensurate to the reservoir pressure drop, the dimensionless productivity index is only 0.47 and this is mostly due to the fact, that Fracture 1 can contribute less to the total production (because the significant wellbore pressure loss penalizes Fracture 1 more than Fracture 2). Finally, in a realistic situation, when both the wellbore and flow convergence effects are significant, the dimensionless productivity index is relatively low (a vertical well with a vertical fracture of moderate Proppant Number less than 0.1 could perform at least as well, see Ref (14) for details.)
Once the transient and stabilized J D,trad is known, one can use it within a material balance calculation to obtain production forecast for the multiple fractured horizontal well. Results will be shown in the companion paper 13 .
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Development of Solution for Finite Conductivity Source with Uni-directional Flow
As in other methods 15, 16 , we calculate finite conductivity horizontal well responses by dividing the well into n segments. Each segment is represented by a uniform flux source box with well defined size and location, but unknown strength (see (5) where q is the n-dimensional vector of source strengths.
The (i,j)-th element of the A matrix is obtained by "activating" the j-th box source and observing the pressure at the center of the i-th box. The (i,j)-th element of the C matrix describes the pressure drop in the fracture between the center of the i-th source and the wellbore reference point due to the j-th inflow. It contains -as a factor -the conductivity of the well. Vector b contains the unknown drawdown at the wellbore reference point that is placed at the heel of the horizontal well. The system is augmented with the requirement that the sum of strengths should be one. A robust way to obtain the strengths vector is to sum the columns of the pseudo-inverse of the matrix [ ]
and then normalize it. Once the strengths of the various segments are known, we superpose their effects.
Modeling a finite conductivity vertical fracture within the DVS framework requires a similar procedure. In fact the actual program is the same as before, only the individual source boxes are now fully penetrating vertically and the wellbore reference point is placed into the geometric center of the fracture. The C matrix contains -as a factor -the conductivity of the fracture, see Appendix C for details.
In our validation example we assumed a vertically fully pentrating fracture with dimensionless fracture conductivity equal to 1.6 and horizontal penetration ratio of 0.25. It is wellknown from Unified fracture design 14 that the dimensionless productivity index of such a fracture is J D = 0.467. In the DVS method The fracture has been divided into various number segments (1, 2, 4, 8, 16 , and 32) and the J D was calculated. Table 4 shows the results. We can see that by increasing the number of segments the pseudo-steady state dimensionless productivity index tends to the known value. Fig. 8 represents the dimensionless pressure behavior of the example case system obtained as a function of dimensionless time for a fracture system divided to 32 segments. Other curves in the figure represent the dimensionless pressure behavior calculated by the method propsed by Cinco-Ley at al 15 . Like the previous cases, very good agreement between the results can be seen. Fig. 9 represents the distribution of the source strengths along the lateral coordinate in one fracture wing. It can be seen that at early times all flow comes from the nearest segments to the well. The strength distribution becomes more uniform as the flow regime approaches pseudo-steady state. The stabilized strengths distribution in pseudo-steady state predicted by the DVS method is somewhat similar to the well-known "Ushaped" pseudo-radial distribution form, known from many studies following Cinco-Ley's pioneering work. However, the DVS result shows less dramatic difference between the strengths of various segments. The reason is that the pseudosteady state strengths distribution always reflects the interaction of the fracture tip with the outer boundary. The pseudo-radial calculation methods, however, neglect this effect and assume the reservoir as infinite acting. It is not rigorous to apply the pseudo-radial strength distribution (obtained neglecting the effect of interaction between fracture tip and boundary) for the pseudo-steady state case and our DVS results have definite advantage in this respect. Fig. 10 shows the change in dimensionless productivity index for the same system as a function of dimensionless time based on the drainage area. We can see that J D approaches the expected value of 0.467 as the system enters the pseudo-steady state flow regime and the transition to this late-time flow regime is smooth.
Also, the finite conductivity models presented in this section can be used to calculate infinite conductivity horizontal well, infinite conductivity vertical fracture, or infinite conductivity horizontal fracture by simply letting the equivalent well or fracture permeability tending to zero. We found that these more rigorous finite conductivity results are almost indistinguishable from the infinite conductivity results obtained by the "equivalent observation point" method presented earlier.
Dividing the source into n segments in the x-direction we still assume uniformity of the influx with respect to the zdirection. In other words, the flow inside the horizontal well or the vertically fully penetrating fracture is still uni-directional, the direction being the x-direction. This is an excellent approximation for the listed cases and can be applied to many other cases, such as longitudinally fractured horizontal well (or even horizontal fracture intersected by a horizontal well). The rigorous modeling of horizontal well with large tranverse fractures of finite conductivity requires, however, one additional step, because the flow inside the fracture becomes two-directional. Such a development will be presented in a subsequent paper.
Conclusions
The DVS method is a viable alternate to produce consistent transient and pseudo-steady state solutions of complex well/fracture systems. It provides reliable results with relatively moderate computational effort. In this paper we introduced the method and validated it with known results available for relatively simple systems. However, the real merit of the DVS approach becomes more obvious as we apply it to systems with increasing complexity, such as permeability anisotropy, partial penetration of the source in any of the principal directions and/or additional pressure losses stemming from the particular geometry of the flow path inside the sources. In such systems the ability of the method to provide a consistent transient and pseudo-steady state productivity index (without any artificial break in the transition) makes it an excellent tool for forecasting production and optimizing the completion strategy. = directional permeability in x direction, md k y = directional permeability in y direction, md Appendix A Consider a segment of the real axes between x = 0 and x = 1. We assume the diffusivity equation describes the behaviour of a quantity, ( ) Each of these representations has advantages and disadvantages. For instance, the Laplace transform solution is in closed form, but needs numerical inversion. The Theta function form needs numerical integration. The time series form, used in this work, is easy to calculate for moderate and large times, but converges slowly for short times. A numerically efficient formulation uses an additional "trick": The infinite sum is replaced by a finite sum With this modification the 1D solution is calculated with maximum a couple of thousand terms, and the result is very accurate according to the corroboration done both with multiprecision inversion of the Laplace transform form and numerical integration of the Theta function form.
To obtain the f( ) function used in Eq. 1 which takes the xparameters: ) , , ( 
is carried out numerically.
We notice that at the first time point (usually t D1 =10 -9 ) the numerical value is taken equal to the numerical value of the well testing derivative. This is why on Fig. 2 the pressure and well-testing derivative curves start from the same point.
The dimensionless time with respect to the drainage area is related to our dimensionless time through the relation: The coefficient C w2 and C w21 represent dimensionless pressure losses. They are calculated assuming the total flowrate in the given segment of the well, calculating the frictional pressure drop by any engineering method and then casting the pressure drop into dimensionless form in two steps: first using Equ. A16 we convert it into traditional dimensionless pressure, (Δp D , trad ) and then using Equ. A13, we cast it into our dimensionless pressure (Δp D ). The two pressure loss coefficient remains constant as far as the total production rate is fixed. However, one should be aware that s 1 and s 2 reflect the complex geometry of the well-fracture interface, often not known accurately. Twisting and turning of the fracture near the wellbore ("tortuosity") can significantly increase the skin values.
Appendix C
Each row of the C matrix represents the effect of the source strengths on the additional pressure drop in the fracture from the center of a source to the wellbore reference point.
For example, for the finite conductivity vertical fracture represented by n = 4 source boxes first we construct a D matrix: 
